We analyze a modified f (R) theory of gravity in the Palatini formulation, when an Holst term endowed with a dynamical Immirzi field is included. We study the basic features of the model, especially in view of eliminating the torsion field via the Immirzi field and the scalar-tensor degrees of freedom of the f (R) model. The main task of this study is the investigation of the morphology of the gravitational wave polarization when their coupling to a circle of test particles is considered. We first observe that the dynamics of the scalar mode of the f (R) Lagrangian is frozen out, since its first order term identically vanishes. This allows a detailed characterization of the linearized theory, which outlines the emergence of a modified Newtonian potential in the static limit, and when time independence is relaxed a standard gravitational wave plus the scalar wave associated to the Immirzi field. Investigating the effect of the coupling of this scalar-tensor wave on a circle of test particles, we arrive to define two effective gravitational polarizations, corresponding to an equivalent phenomenological wave, whose morphology is anomalous with respect the standard case of General Relativity. In fact, the particle circle suffers modifications as it was subjected to modified plus and cross modes, whose specific features depend on the model free parameters and are, in principle, detectable via a data analysis procedure.
I. INTRODUCTION
The idea that the dynamics of the gravitational field is not uniquely fixed by the implementation of the Einstein equations is a well established theme in literature [1] [2] [3] [4] and, in the last three decades, it has acquired a clear physical motivation in the necessity to account for exotic phenomena, like dark energy and dark matter [5] [6] [7] . In fact, in addition to the request that the modified theories of gravity be able to remove the existence of curvature singularity, overall the Big-Bang singularity, now they are derived with the non-trivial aim of explaining for new physics [8] [9] [10] [11] [12] [13] . Actually, dark energy seems a purely dynamical effect in the late Universe expansion and it stands as one of the most promising candidate for being addressed via modified gravity effects. Among the infinite variety of possible restatements of Einsteinian dynamics the so-called f (R) model [11] stands for its simultaneous generality and simplicity: it is well-known its equivalence with scalartensor theory [14] , whose dynamics is easily accounted. Nonetheless, the f (R) gravity outlines a peculiar feature in a somewhat break down of the equivalence between the metric and Palatini formulation [15] . This interesting and, to some extent, puzzling feature is suggesting that a coherent Palatini formulation of the theory requires the introduction of a torsion field [16] [17] [18] [19] ab initio in the Lagrangian model. This idea was successifully pursued in [20] , where a Nieh-Yan term [21] [22] [23] is included in the modified Lagrangian, also in the presence of an Immirzi field [24] [25] [26] [27] The implications for the morphology of the gravitational * flavio.bombacigno@uniroma1.it † giovanni.montani@enea.it waves and possible phenomenological signature of the theory have been also discussed there. Furthermore, the cosmological implementation of the proposed theory of modified gravity on a cosmological setting has been also addressed, for viable form of the f (R), in [28] . In particular, in the case of an exponential Lagrangian in the non-Riemannian Ricci scalar, a feature of dark energy emerges in the late Universe expansion. Despite the Nieh-Yan term is an elegant choice (we recall that for a constant Immirzi parameter, it is a topological term) and even if it provides a simplification allowing to reduce the original Lagrangian by eliminating the torsion field, still a basic question arises: what happens to the proposed scenario (having torsion already at the level of the Lagrangian) if simpler or general torsion contributions are considered. Among this huge spectrum of possible Lagrangian, the first case which appears as the most important to be investigated is the so-called Holst action [29] [30] [31] [32] [33] , properly considered in the presence of an Immirzi field. In fact, this is the typical term addressed in the theory of Loop Quantum Gravity [34, 35] , of course in the simpler case of an Immirzi parameter, instead of a real field. Moreover, motivated by the results in [28] , where it has been outlined that the Immirzi field, in the considered models, always frozen out in the late Universe expansion, we are confident that the Immirzi field here enclosed in the Holst Lagrangian for a f (R) extension is to be regarded as dynamical field mainly in a local sense, while its late time cosmological value is fixed. The presence of an Holst term in place of a Nieh-Yan induces a significant degree of complexity in the form of the torsion, giving raise to new remarkable effects, as the emergence of a modified Newtonian potential in the static limit. Moreover, it is still possible to accomplish a full description of the gravitational wave phenomenology arXiv:1810.07607v1 [gr-qc] 17 Oct 2018 [36] , by giving a firm and testable signature of the model. The main simplification of leaving near a Minkowski space-time consists of the possibility to frozen out the scalar degree of freedom coming from the f (R) Lagrangian term, whose perturbation identically vanishes. Thus, we deal with the standard modes of the Einsteinian gravitational waves and a scalar wave, associated to the perturbation of the Immirzi field. In principle these two tensor and scalar modes are decoupled from each other, but their effects in the geodesic deviation equation naturally mix, given that the two deformations are simultaneously present in the displacements of a particle array.
In particular, we arrive to define effective polarizations of the gravitational waves, understood as modification of the natural cross and plus modes of General Relativity. The presence of the perturbed Immirzi field induces an anomalous deformation of circle of particle, as effect of the incoming gravitational wave. The plus polarization acquires, in its effective manifestation, a different eccentricity for the ellipses, in the two orthogonal direction, in which the ring of test masses is deformed. Instead, the cross polarization, beyond possessing an expansion mode, is characterized by an angle between the two main axes slightly different from π/2. Such phenomenological issues are qualitatively similar to those ones observed in a theory based on a Nieh-Yan term, as in [20] , and the two signature are distinct in their specific morphology, so that a study of the real incoming signals could discriminate between these two models and among them and other modified theories of gravity. On the present level of sensitivity also the different character of the upper limit that we could put on these scenarios could constitute a preliminar, but intriguing feature from a theoretical point of view. We also stress that, the obtained phenomenology is intrinsically different from other modified theories of gravity, because it concerns the effect of curvature on material device, like the actual interferometers LIGO and VIRGO [37] [38] [39] , more than intrinsic modification of the spacetime distances. In fact, typically, in f (R) theories, the modified polarization modes are intrinsically deformed with respect to the standard General Relativity ones. This distinction can have implications on the techniques of data analysis, but overall can trigger the formulation of new detector, able to distinct between these two independent modified features, i.e. intrinsic and effective ones. The paper is structured as follows. In Sec. II we give a detailed description of the model considered in terms of a scalar-tensor formulation, showing the equations of motion and the form of the torsion; in Sec. III we discuss the linear framework of the theory, outlining the freezing of the degree of freedom associated to the f (R) function; in Sec. IV we study the model in the Newtonian limit and we infer the existence of a modified gravitational potential; in Sec. V we investigate the effects of a dynamical Immirzi field on standard gravitational polarizations, stressing the emergence of anomalous modes; finally, in Sec. VI conclusions are drawn.
II. THE HOLST-f (R) MODELS
Let us consider the following extension of the Holst action in vacuum (c = 1):
being β(x µ ) the reciprocal of the Immirzi field and f (R) a function of the Ricci scalar R, whose expression according a first order formulation reads:
with the Riemann tensor R µνρσ given by:
We stress the fact that Γ ρ µν is an independent variable with respect to metric and it can be formally decomposed in:
whereΓ ρ µν represents the well-known Levi-Civita connection 1 , which depends on the metric variable and its derivatives only, and K ρ µν the contorsion tensor, related to the torsion via
By analogy with [3] , the action (1) can be rewritten as:
. Now, following the analysis made in [24] , it is possible to split the torsion tensor into its irreducible representations
being T µ = T ν µν the trace vector, S σ = µνρσ T µνρ the pseudo-trace axial vector and q µνρ the completely antisymmetric traceless component (q µ νµ = 0, µνρσ q µνρ = 0). Then, taking into account (5), if we solve the equations of motion stemming from (6) for the torsion components (7), we get (see always [24] for comparison)
1 Torsionless quantities are specified by an upper bar.
where ∇ denotes the torsion-less covariant derivative with respect to Levi-Civita connection. Eventually, by means of (8) the contorsion tensor can be expressed in terms of ϕ and the Immirzi field β, that is:
where square brackets denote anti-symmetrization on the indices, namely A [µν] ≡ 1/2(A µν − A µν ). Now, plugging (9) in (4) (see [20] ), it is possible to recast (6) in the more suitable form:
with
andR denoting the torsion-less Ricci scalar depending on Levi-Civita connection only. Hence, varying (10) with respect to the metric field g µν yields
whereas the equations for the scalar fields ϕ and β turn out to be, respectively:
where a prime represents differentiation with respect to the argument and
Similarly to what was achieved in [20] , combining the trace of (12) with (13) and (14), we can obtain a relation between the additional degree of freedom ϕ and the Immirzi field β, that is:
It is worth noting that with respect to the analysis performed in [20] , where the relation turned out to be merely algebraic, the expression (15) represents a truly differential equation for ϕ. Though, in principle, it allows us to solve ϕ in terms of β, once we chose a specific f (R) model, to accomplish such a purpose is in general highly non-trivial. Therefore, the weak field limit represents a simpler and not less significant context where the effects of the Immirzi field could be studied, regarding both the static (Newtonian) case and the gravitational waves propagation.
III. LINEARIZED THEORY
Let us consider a metric perturbation around the Minkowski background
being |h µν | 1 valid in some reference frame and η µν = diag (−1, 1, 1, 1) . Analogously, let us expand the fields ϕ and β as
with δβ, δϕ of order O(h), β 0 a constant and ϕ 0 a steady minimum for the potential V (ϕ) [40] , namely:
being m a positive constant. Now, it is straightforward to see that by virtue of (15) and (18) the scalar perturbation δϕ is forced to vanish identically. Consequently, the gravitational equations (12) simply reduce up to the first order to the standard vacuum case, i.e.R µν − 1 2
being all the terms depending on δβ of order O(h 2 ), while the equation for the Immirzi field turns out to be a vacuum wave equation, that is δβ 0.
We note that such results are in agreement with [20] , and also in the presence of the Holst term the gravitational field equation (19) can be rearranged in the well-know form
where we introduced the trace-reverse tensor
and the ordinary Lorentz gauge (∂ µh µν = 0) and traceless condition (h ρ ρ = 0) have been imposed. Therefore, it follows from (21) that no additional polarization is predicted for the gravitational waves and we just retain the classical plus and cross modes [41, 42] . However, as already pointed out in the analogous Nieh-Yan case, in general we expect that the dynamics of the Immirzi field as described by (20) could affect significantly the detection of the standard gravitational waves. Indeed, in order to see that, let us evaluate the contorsion tensor (9) within the linearized frame, i.e.
We stress the fact that with respect to Nieh-Yan formulation, the contorsion tensor is not completely antisymmetric: A term proportional to β 0 arises, just antisymmetric into the first two indices. For that reason, before dealing with the effects of the Immirzi field on the gravitational waves propagation, it can be enlightening to face the Newtonian limit of the theory, with the aim of seeking for modifications to the gravitational potential due to δβ, as emerging from the geodesics equation analysis.
IV. MODIFIED NEWTONIAN POTENTIAL
In the static weak field case the metric line element can be written as [43] :
where Ψ represents the Newtonian potential, described in vacuum by the Laplace equation ∇ 2 Ψ = 0 and related to the metric perturbation by h 00 = h ii = −2Ψ. Then, let us consider the auto-parallel equation
with Γ µ ρσ now given by (4) . Because of the symmetry properties of K µ ρσ and the independence of δβ on time, the only non-vanishing component of (25) if for µ = 0, namely
2 In the Newtonian limit the following relations hold:
Conveniently rescaling the time coordinate, relation (27) can be recast as
that represents the equation for the modified Newtonian potential Ψ (β) defined as
where the radial coordinate is defined as r ≡ √ x i x i . Given that (20) in the static limit reduces to ∇ 2 δβ 0, a solution for (29) can be easily found, i.e.: (31) with M the gravitational mass of the source and G the gravitational constant. In particular, we defined ≡
, with the integration constant for δβ rewritten as A = C · GM with C a dimension-less factor 3 . Now, assuming that at the lowest order the orbits around the Sun could be considered circular, by virtue of (31) it is possible to evaluate the modified orbital period, that is
The parameter , that takes account for the deviation from classical predictions, can be constrained comparing (32) with the Keplerian expression T K = 2πr 3/2 (GM ) −1/2 and requiring that the correction be smaller that the experimental uncertainty [44] [45] [46] [47] [48] , i.e.
which considering (32), yields up the first order in δ to
We conclude this section noting that if we consider the pertubation δβ in a local sense and we assume the value β 0 to be fixed by LQG estimates [49] (mainly from black hole entropy, even though further investigations ruled out this possibility [50] ), in the limiting case of φ 0 = 1 (f (R) = R) relation (34) allows to fix directly the value of C, recovering a thorough description of the dynamics.
V. HOLST SIGNATURE FOR GRAVITATIONAL WAVES
In order to investigate the consequences of a dynamical Immirzi field on the gravitational waves propagation, let us take the geodesic deviation equation, evaluated in the comoving frame, i.e.:
with ξ α = (0, ξ x , ξ y , ξ z ) a vector denoting the separation between two nearby geodesics and the Riemann tensor given, up to the first order, by:
Then, if we consider a gravitational plane wave in the TTgauge which propagates along the z direction, namely:
where i, j = x, y, the only non-vanishing components of torsion-less Riemann tensorR ρ µσν are:
Now, by virtue of (23) and (38), equation (35) yields to, for a generic δβ = δβ(t, x) wave:
where D k ( ξ; ϕ 0 , β 0 ) is a second order differential operator defined by:
where the index k runs over x, y, z. We note that when δβ is aligned to the k-direction, the action of the corresponding operator D k reduces to
which vanishes identically by virtue of (20): Therefore, choosing δβ propagating along the z-direction, we can restrict our analysis to the (x, y) plane. Now, be δβ(t, z) given by (c = 1):
and let us fix ξ as
being ξ (0)
x , ξ (0) y the initial positions and δx, δy the displacements of order O(h) induced by δβ(t, z). When we turn off the gravitational modes h + , h × , the system (39) assumes the form:
where according to (43) we neglected terms of order O(h 2 ). Thus, if we set the time origin such that δβ = 0 at t = 0, a solution for (44) is given by
Whereas β B is responsible for a breathing mode (Fig. 1) , the parameter β R rules a peculiar perturbation characterized by both rotation and dilation effects. Specifically, every cycle the ring of test masses is expanded and turned twice (Fig. 2) and it is worth noting that compared to a pure breathing mode, the perturbation β R is not endowed with a contraction phase: The test masses ring never shrinks with respect to its rest position. Eventually, a relation between the maximum rotation angle δ and the parameter β R can be settled, namely:
Now, let us switch on again the gravitational modes, choosing analogously to (42) h + = h + sin ωt (the same for h × ). A solution for (39) can be formulated in terms of a pair of gravitational effective polarizations, i.e.
where we introduced the modified amplitudes
with B ≡ β B /h + and analogously for R . In the following, without loss of generality we shall focus the analysis to B , R ∈ (0, 1), this choice being motivated by the request that the modifications induced by the Immirzi field on the standard polarizations be small, as outlined by the absence of observational evidences regarding anomalous modes (see [37] [38] [39] ). Furthermore, it is always possible to extend the obtained results to the negative domain via a counter-clockwise rotation of π/2 in the (x, y) plane. Then, if we consider the effective plus mode h
+ , it is easy to see that its effect is to induce an asymmetric plus mode, characterized by stress of different strength on each axis (Fig. 3) . In particular, dilatations and contractions along the x direction turn out to be larger than those ones on the y axis, and the ring of test masses is distorted into ellipses of different eccentricity, given by
where the following inqualities hold
Instead, concerning the deformation due to the modified cross polarization, we note that by close analogy with what discussed previously with regard to β R effects, the ellipses are both rotated and enlarged with respect to standard polarization (Fig. 4) . Especially, it is worth stressing that the elongation axes turn out to be not orthogonal, but separated by the angle :
with δ estimated by (47) . We remark the fact that the effects predicted by (39) would be present even if we considered the particular case of f (R) = R. Indeed, by the inspection of (9) it is clear that also for ϕ = 1 a not completely anti-symmetric component for the contorsion tensor survives, causing the appearance of both the aforementioned effective polarizations and the modified Newtonian potential, due the dynamical nature of the Immirzi field. Conversely, only if β(x) is relaxed to a constant value the standard gravitational modes are restored, as it can be inferred by (23) , being always δϕ = 0 within the linearized theory.
VI. CONCLUDING REMARKS
We analyzed a f (R) extended theory of gravity in the Palatini formulation by including in the dynamics an Holst term, characterized by an Immirzi field. This study follows the analysis in [20] , where a similar scenario was investigated in the presence of a Nieh-Yan term, and with respect to that has a greater degree of complexity, especially in view of the possibility to eliminate the torsion field in terms of the remaining degrees of freedom. In particular, we stressed the emergence of a modified Newtonian potential and we were able to give an estimate of the deviation from GR by comparing the modified orbital period with the Keplerian prediction. Furthermore, it was possible to analyze the propagation of gravitational waves in the proposed dynamical framework, by virtue of the freezing which takes place for the scalar degree of freedom of the f (R) Lagrangian, whose linear perturbation identically vanishes. Therefore, the propagation of the gravitational waves is the same as in General Relativity (in agreement with standard Palatini f (R) formulation), but in the presence of the Immirzi field, which provides an additional scalar wave. However, the tensor and scalar waves simultaneously act on test particles and their combined effect can be restated as effective plus and cross standard gravitational waves. Thus, the phenomenological signature of the proposed theory is the emergence of a plus polarization anisotropically acting along the two orthogonal directions and a cross polarization which is characterized by a slightly modified angle with respect to ψ/2. Furthermore, in both cases an expansion effective mode is present, which enlarges and contracts the radius of a circle of particles. The basic idea, underlying this analysis like that one in [20] , consists of implementing a consistent Palatini formulation of the f (R), by including torsion ab initio and trying to eliminate it in term of the other dynamical field, among which an Immirzi field stands. We have clearly demonstrated that the main signature of such restated approaches of the Palatini f (R) model is the emergence of two effective polarization, slightly modified with respect to the two basic ones of linear General Relativity. A suitably setting of the data analysis for the LIGO-VIRGO incoming detections would allow to put precise upper limits, if not yet real measures, of the parameters governing the deformation and therefore the viability of this extended gravitational theory could be preliminary tested. In this respect, it would be relevant to set up suitable algorithms of data analysis, able to distinguish between real and effective modified gravitational wave polarizations.
